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Abstract
In this paper we introduce a new coherent cumulative risk measure on RpL, the space
of càdlàg processes having Laplace transform. This new coherent risk measure turns out
to be tractable enough within a class of models where the aggregate claims is driven by a
spectrally positive Lévy process. Moreover, we study the problem of capital allocation in an
insurance context and we show that the capital allocation problem for this risk measure has
a unique solution determined by the Euler allocation method. Some examples are provided.
Keywords. Capital allocation, Euler allocation method, Coherent risk measures, Lévy
insurance processes, Risk measures on the space of stochastic processes.
1 Introduction
Collective risk theory has built upon the pioneering work of Filip Lundberg [15] and it now
comprises a substantial body of knowledge that concerns itself with the study the riskiness of an
insurer’s reserve as measured by the ruin probability and related quantities [4]. A large amount
of literature now exists on such insolvency measures for a wide variety of models, the latest being
the so-called Lévy insurance risk models [8] and [9].
Traditionally, risk theory focuses on the insurer’s ability to manage the solvency of its reserve
through the control of initial investment x. The mathematical tool often cited for such task is
the probability of ruin since it is a measure of the likelihood that an insurer’s reserve would
eventually be insufficient to cover its liabilities in the long run.
More precisely, consider the following general model for the risk reserve of an insurance
company,
R(t) = x+ c t−X(t) , t ≥ 0 , (1)
where the aggregate claims process X is a spectrally positive Lévy process with zero drift, with
X(0) = 0 and jump measure denoted by ν. Moreover, x is the initial reserve level and c is a
constant premium rate defined as
c = (1 + θ)E[X(1)] (2)
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where θ > 0 is the security loading factor.
Then the associated ruin time is
τx := inf{t ≥ 0 | X(t)− c t ≥ x} , (3)
and the infinite-horizon ruin probability can be defined by
ψ(x) := Px(τx <∞) , (4)
where Px is short-hand notation for P( · | X(0) = x).
Much of the literature in collective risk theory studies the problem of deriving expressions
and reasonable approximations for the probability of ruin as a function of the initial reserve
level x. This problem is addressed within an ever-growing set of models for the aggregate claims
process. See [4] for a thorough account on the so-called ruin theory.
Naturally, the ruin probability ψ quantifies the solvency of the net-loss process Yt := Xt− ct
as a function of the initial reserve level x. In fact, we can define a risk measure ρβ : X −→ [0, 1]
on a suitable model space X (say the space of bounded càdlàg stochastic processes R∞). Let
Yt = ct−Xt be the net-loss process associated with the reserve process (1), then
ρβ(Y ) 7−→ a := inf{x ≥ 0 | ψ(x) ≤ β} , (5)
where ψ is the associated ruin probability (4) and β ∈ [0, 1] represents a given tolerance to ruin.
One can interpret a as the smallest initial level for which the process R has an acceptable
risk level, i.e. its associated ruin probability is less or equal to a tolerable figure β. Such risk
measures have been recently studied (see [27]) and although they exhibit interesting properties,
they lack the tractability of an efficient risk management tool. In fact, any meaningful risk
management application, such as capital allocation, would be hard to implement using (5).
In this paper, we recover this idea of measuring the risk of an insurance risk process and we
define a coherent risk measure on the space of càdlàg processes having Laplace transform as a
mapping ρ : RpL −→ R+. Unlike (5), this measure is tractable enough and allows for a solution
of the capital allocation problem. This is carried out within the framework given by the theory
of coherent and convex risk measures defined on a suitable space of stochastic processes. Among
previous works on these issues we find [11] and [12] where the authors work out risk measures
on the space of random processes modeling the outcome of a certain financial position and [13]
where they develop risk measures in a dynamic fashion.
The contribution of this paper is two-fold. First, based on [1] and [6], we design a new risk
measure on the space of bounded càdlàg processes that can capture the risk associated with the
path-properties of an insurance model. We do this by extending the notion of Entropic Value
at Risk, first introduced in [1], to a suitable space of stochastic processes. Second, we explore
the capital allocation problem using this new risk measure in an insurance context and we show
that the Euler allocation method is the only method to allocate the requiring capital for this
risk measure.
The outline of the paper is as follows. In Section 2, we introduce the notion of Cumulative
Entropic Value at Risk (CEVaR1−β) as a coherent risk measure on the space of bounded stochas-
tic processes and we explore some of its relevant features. In Section 3, we explore the capital
allocation problem and give a theorem which characterizes the capital allocation set for these
measures. In fact, we show that for the CEVaR1−β risk measure the Euler allocation method
is the only way to allocate the risk capital. Finally, in Section 4, we show some results for
CEVaR1−β and provide some examples.
2
2 Cumulative Entropic Risk Measures
Let (Ω,F ,P, F¯) be a filtered probability space. We consider the space Rp of stochastic processes
on [0, T ] that are càdlàg, adapted and such that X∗ := sup[0,T ] |Xt| ∈ L
p(Ω,F), with 1 ≤ p ≤ ∞.
Furthermore, assume that L1(Ω,F ,P) has a countable dense subset. In [11] and [12] the authors
developed the theory of convex risk measures on the space of Rp (ρ : Rp −→ R+). Notice that,
for any 1 ≤ p ≤ ∞, the space Rp endowed with the norm ||X||Rp = ||X
∗||Lp , is a Banach space.
Definition 2.1. We define the subspace RpL containing the processes in R
p which have Laplace
transform, i.e. X ∈ Rp belongs to RpL if and only if
mt(s) = E[exp(−sXt)] <∞ , s ≥ 0 ,
for t ∈ [0, T ].
The idea we put forward in this paper is to use a cumulative risk measure based on the
Entropic Value at Risk that was defined in [1]. That is, following [5], we measure the risk of a
random process X ∈ RpL by defining a cumulative risk measure ρ : R
p
L −→ R+ as follows. Let
ρ0 be a given risk measure on L
p(Ω,F), i.e. ρ0 : L
p(Ω,F) −→ R, and let ω : [0, T ] −→ R+ be
a suitable weight function, i.e.
∫ T
0 ω(t)dt = 1. Then we can define a cumulative risk measure
ρ : RpL −→ R+ based on ρ0 as the weighted aggregate risk of a random process X ∈ R
p
L. More
precisely,
ρ(X) :=
∫ T
0
ρ0(Xt)ω(t)dt . (6)
Such constructions were proposed and studied in [5]. The features of such measures inherently
depend on the choice of base risk measure ρ0. In fact, if the risk measure ρ0 is coherent then ρ
in (6) is coherent as well.
Theorem 2.1. Let ρ0 be a coherent risk measure on L
∞(Ω,F). Then the risk measure ρ :
RpL −→ R+, given in (6), is a coherent risk measure on the space R
p
L.
Proof. First we show the positive homogeneity and translation invariance properties of ρ. For
λ > 0 and m ∈ R we have,
ρ(λX +m) =
∫ T
0
ρ0(λXt +m)ω(t)dt = λ ρ(X)−m
∫ T
0
ω(t)dt ,
which shows the positive homogeneity and translation invariance properties since
∫ T
0 ω(t)dt = 1.
As for monotonicity, if Xt ≤ Yt a.s., then ρ0(Xt) ≥ ρ0(Yt) for t ∈ [0, T ]. Now, since ω is a
positive real valued function, we have ρ0(Xt)ω(t) ≥ ρ0(Yt)ω(t) for any t ∈ [0, T ] as well. This
implies that ρ(X) ≥ ρ(Y ) which proves the monotonicity property.
Now using the convexity property of ρ0 and since ω is a positive function we have,
ρ0(Xt + Yt)ω(t) ≤ ρ0(Xt)ω(t) + ρ0(Yt)ω(t) ,
for t ∈ [0, T ]. This directly implies the convexity property of ρ. i.e.,
ρ(X + Y ) ≤ ρ(X) + ρ(Y ) .
3
In this paper, we propose to use the Entropic Value at Risk measure (EVaR1−β) as our
measure ρ0 in (6). This yields an interesting family of risk measures on the space of bounded
stochastic processes. Following [1] we now give a first definition.
Definition 2.2. Let X be a random variable in L∞(Ω,F) having Laplace transform, i.e.
E[exp(−sX)] <∞ , s > 0 .
Then the Entropic Value at Risk, denoted by EVaR1−β, is given by
EV aR1−β(X) := inf
s>0
lnE[exp(−sX)] − ln β
s
. (7)
The following key result for EVaR1−β can be found in [1].
Theorem 2.2. The risk measure EVaR1−β from Definition 2.2 is a coherent risk measure.
Moreover, for any X ∈ L∞(Ω,F) having Laplace transform, its dual representation has the form
EV aR1−β(X) = sup
f∈D
EP(−fX) , (8)
where D = {f ∈ L1+(Ω,F) | EP[f ln(f)] ≤ − lnβ} and
L1+(Ω,F) = {f ∈ L
1(Ω,F) | EP(f) = 1}. (9)
For the proof we refer to [1].
If we use the risk measure (7) in our general definition of a cumulative risk measure (6), we
naturally obtain a risk measure on the space RpL that would inherit some of the key features of
the original risk measure.
We now formally introduce the concept of Cumulative Entropic Value at Risk, denoted by
CEVaR1−β , on the space R
p
L.
Definition 2.3. Let X be a stochastic process in RpL and let EVaR1−β be the risk measure in
Definition 2.2. Then, for a given weight function ω : [0, T ] −→ R+ (i.e.
∫ T
0 ω(t)dt = 1), the
Cumulative Entropic Value at Risk, denoted by CEVaR1−β, is defined by
CEV aR1−β(X) =
∫ T
0
EV aR1−β(Xt)ω(t)dt . (10)
The main advantage of using (7) as our based measure is that the resulting cumulative
risk measure (10) is tractable enough for a wide family of collective risk models. This comes
from the fact that the expectation appearing in (7) is merely the Laplace exponent of the
random variable Xt (for t ≥ 0). In collective risk theory, many of the models used for insurance
reserves have closed-form Laplace transforms, in particular the so-called Lévy insurance risk
processes. If the aggregate claims process is driven by a spectrally negative Lévy processes then
a cumulative entropic risk measure based on the EVAR1−β is an natural choice to work with in
risk management applications.
The risk measure in Definition 2.3 belongs to the general framework of axiomatic risk mea-
sures on the space of stochastic processes developed in [11]. We now study some of its properties.
Corollary 2.1. The risk measure CEVaR1−β, given in Definition 2.3, is a coherent risk measure
on the space RpL.
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Proof. Since EVaR1−β is of the form (6) with a coherent base risk measure ρ0, it follows that
EVaR1−β is a coherent risk measure as a special case of Theorem 2.1.
Now, one can notice that in Definition 2.3 the weight function ω plays an important role.
Different choices of weight functions would result in different cumulative Entropic risk measures.
One can naturally think of ω as a density function that distributes a probability mass over the
interval [0, T ]. Interesting choices would be to use the density function fτ of a suitable stopping
time τ ∈ [0, T ], like the first passage time or ruin time. This would penalize certain regions of
the interval [0, T ] according to whether a certain meaningful event is more or less likely to occur
over these regions.
For tractability purposes, in this paper, we use a uniform weight function, i.e. we consider
ω(t) = 1
T
. In the remaining of the paper we will be working with the following subfamily of
CEVaR,
CEV aR1−β(X) =
1
T
∫ T
0
EV aR1−β(Xt)dt . (11)
Now, the object of our interest in this paper is to apply the CEVaR in (11) within an insurance
context where the aggregate claims are modeled by a spectrally positive Lévy processes. We
should then first verify that the class of spectrally positive Lévy processes can be included in
the space Rp for some p ≥ 1. This would enable us to use CEVaR to this class of processes.
Proposition 2.1. Let (Xt)0≤t≤T be a spectrally positive Lévy process, then, (Xt)0≤t≤T ∈ R
1.
Proof. From the Lévy-Ito Decomposition we see that every spectrally positive Lévy process has
the following representation (see [2]),
Xt = bt+ σBt +
∫
0<x<1
xN˜(t, dx) +
∫
x≥1
xN(t, dx) , (12)
where b ∈ R, σ ∈ R+, B is a standard Brownian motion, N is an independent Poisson random
measure and N˜ is the compensated Poisson random measure associated to N .
Define Yt = σBt +
∫
0<x<1 xN˜(t, dx) and Zt = bt +
∫
x≥1 xN(t, dx). It is known, (see [2]),
that the process (Yt)0≥t≤T is a martingale with finite moments. By using Doob’s martingale
inequality for the process Y we have,
|| sup
0≤t≤T
|Yt| ||p ≤
p
p− 1
|| |YT | ||p ,
which implies that the process (Yt)0≤t≤T is in R
p for all p > 1 . In order to prove the assertion,
it is now sufficient to show that the process (Zt)0≤t≤T is in R
1.
We know that
E[ sup
0≤t≤T
|Zt|] ≤ E
[
sup
0≤t≤T
(|b|t+ (Zt − bt))
]
≤ |b|T + E
[
sup
0≤t≤T
(Zt − bt)
]
≤ (|b|+ c)T + E
[
sup
0≤t≤T
(−ct+
∫
x≥1
xN(t, dx))
]
for some c > 0 satisfying the safety loading condition (2) for the compound Poisson process∫
x≥1 xN(t, dx).
Now, it is enough to show that the process −ct +
∫
x≥1 xN(t, dx) is in R
1. In order to do
that, we use the fact that the process
∫
x≥1 xN(t, dx) is a compound Poisson process with jumps
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larger than 1 and therefore the process (Ct = ct −
∫
x≥1 xN(t, dx))0≤t≤T can be thought of as
the net aggregate process in the classical Cramer-Lundberg model of collective insurance risk
theory. We can then define the associated time of ruin τu = inf{t ≥ 0|u+Ct < 0} as well as the
associated probability of ruin,
ψ(u) = P
(
inf
t≥0
Ct < −u
)
.
Notice that the ruin probability is simply the tail of the distribution of the random variable
inft≥0 Ct and so we can write for some β ∈ (0, 1) ,
inf{u > 0 | ψ(u) ≤ β} = V aRβ
(
inf
t≥0
Ct
)
.
Since inft≥0 Ct ≤ inf0≤t≤T Ct, it can be seen by the definition of V aR that V aRβ (inf0≤t≤T Ct) ≤
V aRβ (inft≥0 Ct). It is well-known [10], that ψ(u) ≤ e
−Ru, where R is the smallest positive
root of the Lundberg’s fundamental equation, i.e., λ + cr = λM∫
x≥1
xN(t,dx)(r) where λ is
the intensity rate for the compound poisson process
∫
x≥1 xN(t, dx) and M
∫
x≥1
xN(t,dx)(r) is the
moment generating function for
∫
x≥1 xN(t, dx).
This implies that for T > 0,
V aRβ
(
inf
0≤t≤T
Ct
)
≤ V aRβ
(
inf
t≥0
Ct
)
≤
− ln β
R
, (13)
which in turn implies that,
E
[
sup
0≤t≤T
(−Ct)
]
= −E
[
inf
0≤t≤T
Ct
]
=
∫ 1
0
V aRβ
(
inf
0≤t≤T
Ct
)
dβ ,
where the last inequality comes from the integral representation of the expectation in terms of
its quantiles. Using (13), we can finally write,
E
[
sup
0≤t≤T
(−Ct)
]
≤ −
1
R
∫ 1
0
ln βdβ <∞ ,
which implies that the process Zt is in R
1. This completes the proof.
2.1 Examples
The Cumulative Entropic Risk Measure introduced in Definition 2.3 has the advantage of being
tractable enough for a large family of processes which have Laplace transform and that can be
used as models for the net-loss process in (1). Here we discuss a few examples and compute
expressions for the CEVaR in (11) for some Lévy insurance risk models.
2.1.1 Brownian Motion with Drift
Let Yt = µt + σWt be a Brownian motion with drift parameter µ and scale parameter σ for
µ ∈ R, σ > 0. Such a process are used in collective risk theory as the net-loss process in (1) for
an approximation to the classical Cramer-Lundberg model ([22]). The Laplace transform of Yt
is
E(e−sYt) = e−µts+
1
2
σ2s2t .
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By direct substitution in (7) and differentiation with respect to s we have, for t ∈ [0, T ],
EV aR1−β(Yt) = −µt+ σ
√
−2t ln β . (14)
Direct substitution and integration of (14) into (11) results in
CEV aR1−β(Y ) =
−µT
2
+
2
3
σ
√
−2T ln β .
We observe that this risk measure is an increasing linear function of σ and a decreasing linear
function of the premium rate µ. This is intuitively natural since a larger premium decreases the
risk exposure whereas a large volatility in the claims severities produces an increase in the risk
exposure.
2.1.2 α-stable Subordinator
Let Yt = µt + Xt be an α-stable subordinator with drift with Laplace exponent φ(u) :=
−1
t
lnE(e−uYt) = µ + uα for 0 < α < 1. This model has been used as net-loss process in
[21]. By applying the same straight-forward procedure as in the previous example we have, for
t ∈ [0, T ],
EV aR1−β(Yt) = −αt(
ln β
αt− 1
)
α−1
α − µt.
Direct integration over [0, T ] yields,
CEV aR1−β(Y ) = α ln β
[
αT − 1
αT + T
− 1
](
αT − 1
ln β
) 1
α
−
µT
2
.
2.1.3 Gamma Subordinator
Let Yt = µt + Xt be a gamma process with parameters a, b > 0 with drift. This process has
Laplace exponent φ(u) := −1
t
lnE(e−sYt) = −µtu− ta ln(1 + u/b). In this case, EVaR1−β(Yt) is
the solution of the following equation,
−
tau
b+ u
+ at ln(1 +
u
b
) + ln β = 0 , u ≥ 0 .
The above equation is obtained by applying the Laplace exponent in the definition EVaR1−β
and by straight-forward differentiation with respect to u.
Unlike the previous examples, there is no close-form expression for the solution of this equa-
tion. But once EVaR1−β is obtained numerically, we can calculate CEVaR1−β(Y ) by direct
integration over [0, T ].
3 Capital Allocation
We now study the problem of capital allocation in an insurance context with the coherent risk
measure CEVaR that we introduced in the previous section. Discussing the problem of capital
allocation for CEVaR, which is a risk measure defined on RpL, must start with an analysis of this
problem for EVaR, which is a risk measure on a subspace of L∞(Ω,F).
Finding the capital allocation for a risk measure on the space of stochastic processes typically
requires knowledge of its robust representation and its sub gradient set (see [6] for a detailed
account on this problem). This robust representation is typically a hard problem in the space
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RpL that normally requires functional analysis tools. In the case of EVaR we propose to handle
the issue of finding capital allocation for CEVaR by finding the capital allocation for EVaR and
use the linear relation between EVaR and CEVaR to get the capital allocation for CEVaR.
We now give some definitions that will be needed throughout this section.
Definition 3.1. Let ρ be a coherent risk measure defined on L∞(Ω,F). Now let D ⊂ L1+ be the
largest set for which the following robust representation holds true for ρ,
ρ(X) = sup
f∈D⊂L1
+
EP(−fX) ∀X ∈ L
∞(Ω,F) , (15)
where L1+ is the set defined in (9). The set D is called the determining set of ρ (see [20]).
The following definition is taken from [14].
Definition 3.2. Let ρ be a coherent risk measure defined on L∞(Ω,F) with determining set
D ⊂ L1+. Let X ∈ L
∞(Ω,F). A function f ∈ D is called an extreme function for X if
ρ(X) = EP(fX) ∈ (−∞,∞). The set of extreme functions will be denoted by χD(X).
The following result is taken from [14] and gives conditions for the set of extreme functions
defined above to be non-empty.
Proposition 3.1. Let D ⊂ L1+ be the determining set of a given coherent risk measure ρ on
L∞(Ω,F). Now consider the following set,
L1(D) := {X ∈ L∞(Ω,F) | lim
n−→∞
sup
f∈D
EP[f |X| I{|X|>n}] = 0}. (16)
If the determining set D is weakly compact and X ∈ L1(D), then the set of extreme functions
for X is not empty, i.e.χD(X) 6= ∅.
Now, we turn our attention to the concept of capital allocation. Consider a vector of risks
X = (X1, . . . ,Xd), such that Xi ∈ L∞(Ω,F) for i = 1, . . . , d, are random variables representing
the cash flow or risk exposure of a portfolio consisting of d risky positions or departments. In
this paper, these will be net-loss positions of an insurance policy contract at a given time.
Given a coherent risk measure ρ on L∞(Ω,F), we now look at the problem of how to allocate
the total risk of the portfolio ρ
(
X1 + · · ·+Xd
)
among the different departments such that the
individual risk of each one of them is properly measured.
The following formal definition of capital allocation was proposed by [18] and [19] and it is
the one we set out to study in this paper. In fact, the following gives a mathematical definition
of capital allocation for a coherent risk measure.
Definition 3.3. Consider a coherent risk measure ρ on L∞(Ω,F) and a vector of risks X =
(X1, . . . ,Xd) such that Xi ∈ L∞(Ω,F) for i = 1, . . . , d. A fair capital allocation for X is a
vector (K1, ...,Kd) ∈ Rd such that
1.
d∑
i=1
Ki = ρ
(
d∑
i=1
Xi
)
,
2.
d∑
i=1
hiKi ≤ ρ
(
d∑
i=1
hiXi
)
, ∀h = (h1, . . . , hd) ∈ Rd+ .
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The first condition is called the full allocation property and it simply states the fact that the
total risk of the whole portfolio should be the aggregated risks of each department. The second
condition is called the linear diversification property of capital allocation. In fact, this condition
has a one to one correspondence with the positive homogeneity and subadditivity properties of
a coherent risk measure ρ (see [24]). Since we work in this paper with a coherent risk measure
it is somehow natural to adopt this definition of capital allocation.
The following is an interesting result characterizing the set of possible such capital allocations
and it is adapted from [14].
Theorem 3.1. Let D ⊂ L1+ be the determining set of a given coherent risk measure ρ on
L∞(Ω,F) and let X = (X1, . . . ,Xd) be a vector such that Xi ∈ L∞(Ω,F) for i = 1, . . . , d.
Consider the following set
G = {(EP(−f X1), . . . ,EP(−f Xd)) | f ∈ D} ⊂ R
d . (17)
The set U ⊂ Rd of capital allocations for X = (X1, . . . ,Xd), satisfying Definition 3.3, is convex
and bounded and it has the form
U = argmax
x∈G
< e, x > , (18)
where < ·, · > is the inner product in Rd, e = (1, . . . , 1) and argmax is the set of points of G for
which < e, x > attains its maximum value.
If moreover, X1, . . . ,Xd ∈ L1(D) and D is weakly compact, then U can be identified to be
U =
{(
EP(−f X
1), . . . ,EP(−f X
d)
)
| f ∈ χD
(
d∑
i=1
Xi
)}
. (19)
Proof. In [14], the author provides a proof of the theorem for coherent utility functions. The
result follows by noticing that, for a given coherent risk measure ρ, if we set ρ∗(X) := −ρ(−X)
we obtain a coherent utility function and the result in [14] holds. So, from ρ(X) = −ρ∗(−X)
the results for the statement of our theorem holds.
The set G ⊂ Rd in Theorem 3.1 is called the generator for X and ρ (see [14]). The following
corollary gives a condition on G for the uniqueness of the capital allocation.
Corollary 3.1. Under the conditions of Theorem 3.1. If moreover, G ⊂ Rd is strictly convex
(i.e. its interior is non-empty and its border contains no interval), then there is a unique capital
allocation satisfying Definition 3.3.
Proof. See [14] for a proof in terms of coherent utility functions.
Corollary 3.1 gives us sufficient conditions for this capital allocation to be unique. The
following result characterizes such unique capital allocation by giving a representation for each
one of its components.
Theorem 3.2. Let D ⊂ L1+ be the determining set of a given coherent risk measure ρ on
L∞(Ω,F) and L1(D) be the associated set defined in (16). Moreover, let X = (X1, . . . ,Xd) be
a vector such that Xi ∈ L∞(Ω,F) for i = 1, . . . , d. If D is weakly compact, X1, . . . ,Xd ∈ L1(D)
and χD(
∑d
i=1X
i)) is a singleton then, for 1 ≤ i ≤ d,
EP(−fX
i) = lim
ǫ↓0
ρ(
∑d
j=1X
j + ǫXi)− ρ(
∑d
j=1X
j)
ǫ
. (20)
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Proof. Since χD(
∑d
i=1X
i) is a singleton and D is weakly compact then, from Theorem 3.1, there
exists an unique function f ∈ χD(
∑d
i=1X
i) and as a consequence the set of capital allocations is
U = {(EP(−fX
1), . . . ,EP(−fX
d))}. This means that each component of the capital allocation
EP(−fXi) is simply the risk contribution of Xi to
∑d
i=1X
i (see [14]). If we use the standard
notation for the ith risk contribution ρ˜(Xi|
∑d
i=1X
i) this means,
ρ˜(Xi|
d∑
i=1
Xi) = sup
f∈χD(
∑d
i=1X
i)
EP(−fX
i) .
It is then sufficient to show that,
ρ˜(Xi|
d∑
i=1
Xi) = lim
ǫ↓0
ρ(
∑d
j=1X
j + ǫXi)− ρ(
∑d
j=1X
j)
ǫ
, for 1 ≤ i ≤ d . (21)
The result in (21) was shown in [14] for coherent utility functions. Since ρ∗(X) := −ρ(−X) is a
coherent utility function for any coherent risk measure ρ, it follows directly that (21) also holds
for coherent risk measures.
3.1 CEVaR and the Capital Allocation Problem
Our main goal in this paper is to apply cumulative entropic risk measure in a capital allocation
problem. In the previous section, we discussed key notions of the capital allocation problem for
a risk measure on L∞(Ω,F). In this section, we apply these results in order to give an answer to
the problem of capital allocation for CEVaR which is a risk measure on RpL. Notice that this is a
somewhat more complicated problem since there is a dynamic component to this problem. Here,
this is overcome by the cumulative property of CEVaR
1−β
. We start by extending Definition 3.3
to the more general notion of capital allocation with respect to a coherent risk measure on the
space RpL. The following definition is taken from [7].
Definition 3.4. Let
(
X1t , . . . ,X
d
t
)
t∈[0,T ]
be d random processes in RpL representing d financial
positions or departments. Moreover, consider a coherent risk measure ρ : RpL −→ R+ defined
on the space RpL. A fair capital allocation for
(
X1t , . . . ,X
d
t
)
t∈[0,T ]
with respect to ρ is a vector
(L1, ..., Ld) ∈ Rd such that,
1.
d∑
i=1
Li = ρ
(
d∑
i=1
Xi
)
,
2.
d∑
i=1
hiLi ≤ ρ
(
d∑
i=1
hiXi
)
, ∀h = (h1, . . . , hd) ∈ Rd+ ,
where
∑d
i=1X
i denotes the process
(∑d
i=1X
i
t
)
t∈[0,T ]
.
In this section, we show how a capital allocation satisfying Definition 3.4 can be obtained
when using CEVaR as risk measure.
We first need to show that the border of the set D in the robust representation (15) for
EVaR1−β is not a convex set. This leads to the fact that the set G in (17) is not a convex set
too. In fact, this immediately implies that the Euler allocation (see [26]) is the only possible
allocation method for EVaR as well as for CEVaR.
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Theorem 3.3. Let D be the determining set in the robust representation (8) for EVaR1−β . Then
the set ∂D = {f ∈ L∞+ : EP(f ln(f)) = − ln β} is not a convex set.
Proof. It is sufficient to show that for any λ ∈ [0, 1] and any two functions f and g in ∂D, the
function λf + (1 − λ)g is not in ∂D. Define the function H on the space of positive real line
taking real values as follows,
H(x) := x lnx,
for all x ∈ R+.
It is clear that the function H is strictly convex on the positive real line. Since, H ′(x) =
lnx+1 and H ′′(x) = 1
x
> 0 for all x ∈ R+. Now again we define a new function K on [0, 1] with
its values in R by using the composition function H(λf + (1− λ)g) as follows,
K(λ) = EP(H(λf + (1− λ)g)),
for the fixed functions f and g in ∂D. Notice that we use a slight abuse of notation, here
H(λf + (1− λ)g) is to be understood point-wise. That is, for x ∈ R, the function H(λf + (1−
λ)g) −→ H(λf(x) + (1− λ)g(x)).
If we take the first and second derivatives for the function K, we see that this function is
strictly convex too. K ′(λ) = EP((f − g)(H
′(λf + (1− λ)g)) and K ′′(λ) = EP((f − g)
2(H ′′(λf +
(1 − λ)g)) = (f−g)
2
λf+(1−λ)g > 0. Now, considering K(0) = EP(H(f)) and K(1) = EP(H(g)) along
with the strictly convexity of the function K, we come up with the inequality
K(λ) = EP(H(λf + (1− λ)g)) < − ln β ∀λ ∈ (0, 1).
This proves our assertion.
The uniqueness of the so-called Euler allocation method is stated in the following result.
Proposition 3.2. Let (X1, . . . ,Xd) be a vector such that each Xi ∈ L∞(Ω,F), for i = 1, . . . , d,
represents the cash-flow or risk exposure from one risk position or department. We denote by
X =
∑n
i=1X
i the portfolio-wide cash-flow produced over a given time-period. Furthermore, for
a given risk measure ρ on L∞(Ω,F), define the function fρ(u1, . . . , un) = ρ(
∑n
i=1 uiX
i). If
ρ is EVaR1−β as defined in (2.2), then the capital allocated to each department that satisfies
Definition 3.3 is determined uniquely by,
Ki =
dρ
dh
(X + hXi)|h=0 =
∂
∂ui
fρ(1, . . . , 1) 1 ≤ i ≤ n . (22)
Proof. As a result of Theorem 3.3 we see that the associated set G in (17) is strictly convex.
i.e, the capital allocation for the vector X = (X1, . . . ,Xd) is unique. Since, the risk measure
EVaR1−β is positive homogeneous, i.e., for all λ > 0 we have EVaR1−β(λX) = λ EVaR1−β(X),
we deduce that the function fρ above is a homogeneous function. So, by Euler’s theorem on
homogeneous functions we have
fρ(u1, . . . , un) =
n∑
i=1
ui
∂
∂ui
fρ(u1, . . . , un) .
Now, by applying Theorem 3.2 and evaluating ∂
∂ui
fρ at (1, . . . , 1), we deduce that the capital
allocated to each department is given by (22). This proves the theorem.
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Now, we are going to characterize the capital allocation satisfying Definition 3.4 with respect
to CEVaR1−β . Notice that this seems to be a more complicated problem since CEVaR1−β is a
risk measure defined on the space of stochastic processes RpL. However, this is possible thanks
to the cumulative property of CEVaR
1−β
.
Theorem 3.4. Let (X1t , . . . ,X
d
t )0≤t≤T be a vector such that each
(
Xit
)
0≤t≤T
∈ RpL (for i =
1, . . . , d) represents the cash-flow or risk exposure from one risk position or department at time
t ∈ [0, T ]. Then, the capital allocation satisfying Definition 3.4 over the period [0, T ], with respect
to CEVaR1−β, is determined uniquely for i = 1, . . . , d by,
Li =
1
T
∫ T
0
Kitdt ,
where Kit is given by (22).
Proof. By replacing the representation for CEVaR1−β given in equation (11) into Definition 3.4,
we can see that the capital allocation reduces to the one for EVaR1−β given in Definition 3.3.
Equation (22) immediately implies the result.
Theorem 3.4, gives us a solution to the problem of capital allocation for stochastic processes
over a finite time period [0, T ]. Interesting enough, unlike other solutions to this problem, this
capital allocation can be readily computed for a large family of processes. Now, we turn our
attention to an application of our results.
3.2 Capital Allocation for Insurance Lévy Risk Processes
We now apply Theorem 3.4 to give an answer to the capital allocation problem for an insurance
risk process. We consider here an insurance company consisting of n departments. For each
department, we let Rit be a risk reserve process of the form (1). In other words, R
i
t = x
i − Y it
where Y it = X
i
t − c
it denotes the net-loss claim process related to the ith department. We recall
that xi is the initial reserve, ci is the loaded premium and Xit is a model for the aggregate
claims while the index i refers to one of the n departments. In order to allow for a more rich
description of an insurance company, we think of the aggregate claims processXit as the aggregate
amount paid out by the department i which is composed of fractions of m independent classes
of claims. That is, let W 1t , . . . ,W
m
t be m independent spectrally positive Lévy process modeling
aggregate claims of m different types. One can think for instance of claims associated with car
accidents, home damage, medical insurance, etc. Then, the aggregate claims Xit paid out by
the ith department would be a linear combination of some of these Wmt claims processes. For
example, consider aggregate claims produced by a car insurance contract. We suppose that one
department will pay out property damage coverage (a fraction of the aggregate claims from the
contract) while another department will pay out third-party liability costs (another fraction of
the aggregate claims from the contract).
Mathematically, we let W 1t , . . . ,W
m
t be m independent spectrally positive Lévy processes for
j = 1, . . . ,m. Now, we let each Xit to be a linear combination of some, or all, of theW
1
t , . . . ,W
m
t ,
i.e.
X =


X1t
X2t
...
Xnt

 =


a11 . . . a1m
a21 . . . a2m
... . . .
...
an1 . . . anm




W 1t
W 2t
...
Wmt

 , (23)
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where aij ’s are non-negative real numbers for 1 ≤ i ≤ n and 1 ≤ j ≤ m.
We point out that we chose this structure because it admits a neat solution for the capital
allocation problem through Theorem 3.4. One can always fall back on the more simple case
where each department pays out one, and only one, type of claims as oppose to paying fractions
of different types of claims. This would correspond to having n = m and a diagonal matrix in
(23) with all elements in the diagonal equal to one yielding Xit = W
i
t for all i. We also point
out that this construction endows the processes Ri’s with a dependence structure through the
aggregate claims Xi’s. The next result is one of the main contribution of our paper.
Theorem 3.5. Consider n risk processes such that
(
Rit
)
0≤t≤T
∈ RpL, for i = 1, . . . , n. Now,
let such Rit = x
i − Y it where Y
i
t = X
i
t − c
it denotes the net-loss claim process related to the ith
department. Moreover, let the aggregate risk processes Xit be those defined in (23). Then the
capital allocation that satisfies Definition 3.4 over the time period [0, T ], for each net-loss process
Y it and with respect to the risk measure CEVaR1−β is,
Li =
1
T
∫ T
0
Kitdt+ c
iT
2
, (24)
where
Kit = −t
m∑
j=1
aijφ
′
j(s
∗
n∑
k=1
akj) , t ∈ [0, T ] , (25)
and E(e−sW
j
1 ) = e−φj(s) for s ≥ 0, φ′j(0) ≤ 0, 1 ≤ i ≤ n and 1 ≤ j ≤ m.
Proof. First we want to find the capital allocation with respect to the risk measure EVaR1−β
before applying Theorem 3.4. For any coherent risk measure ρ defined on L∞(Ω,F), we have,
by the cash-invariant property, that, for each t ∈ [0, T ],
ρ(
n∑
i=1
Y it ) = ρ(
n∑
i=1
Xit) +
n∑
i=1
ci t .
That is, in order to find the capital allocation (at t ∈ [0, T ]) in this setting with respect to a
coherent risk measure (in particular for EVaR1−β), we just need to find the capital allocation
for each claim process Xit .
For a given coherent risk measure ρ on L∞(Ω,F), let us define the function fρ(u1, . . . , un) :=
ρ(
∑n
i=1 uiX
i
t). Taking into account the structure of the processes X
1
t , . . . ,X
n
t , we can write, for
t ∈ [0, T ],
fρ(u1, . . . , un) = ρ(
n∑
i=1
uiX
i
t)
= ρ

( m∑
j=1
u1a1jW
j
t ) + (
m∑
j=1
u2a2jW
j
t ) + · · ·+ (
m∑
j=1
unanjW
j
t )


= ρ
(
(
n∑
i=1
uiai1)W
1
t + (
n∑
i=1
uiai2)W
2
t + · · ·+ (
n∑
i=1
uiain)W
m
t
)
.
If we let
dj =
n∑
k=1
ukakj, (26)
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we can write a more compact form,
fρ(u1, u2, . . . , un) = ρ(d1W
1
t + d2W
2
t + · · ·+ dmW
m
t ) . (27)
By using the independence of principal factors W i, we have, for t ∈ [0, T ],
ln
(
E(e−s(d1W
1
t +d2W
2
t +···+dmW
m
t ))
)
= ln
(
Πmj=1E(e
−sdjW
j
t )
)
m∑
j=1
ln
(
E(e−sdjW
j
t )
)
= −t
m∑
j=1
φj(sdj) ,
where the last equality comes from E(e−sW
j
t ) = e−tφj(s).
If we specialize the above equations to the case of EVaR, then equation (27) becomes, for
t ∈ [0, T ],
fEV aR1−β (u1, u2, . . . , un) = EV aR1−β(d1W
1
t +d2W
2
t +· · ·+dmW
m
t ) = inf
s≥0
−t
∑m
j=1 φj(sdj)− ln β
s
.
(28)
Now, consider the right-hand side of equation (28). By taking derivatives with respect to s we
have, for t ∈ [0, T ],
∂
∂s
(
−t
∑m
j=1 φj(sdj)− lnβ
s
)
=
−st
∑m
j=1 djφ
′
j(sdj) + t
∑m
j=1 φj(sdj) + ln β
s2
. (29)
By setting equation (29) equal to zero, we can find the value s∗(t, u1, . . . , un) that minimizes
the right-hand side in (28). As indicated by the notation, this minimum value s∗(t, u1, . . . , un)
is a function of t and ui for 1 ≤ i ≤ n but in the following we use the more simple notation s
∗
for this value. Notice that the value s∗ is in fact the infimum too. Based on convexity property
of Laplace transform for one-sided Lévy processes and the condition φ′j(0) ≤ 0, the infimum in
(28) should be reached at some point we denote s∗ (see [23]).
According to Proposition 3.2, the Euler allocation is the only possible allocation method for
EVaR1−β . So, in order to find the capital allocation, it is sufficient to find the derivative of
the right-hand side of equation (28) with respect to the variable ui and evaluate it at the point
u = (1, 1, . . . , 1). Straight-forward differentiation yields, for i = 1, . . . , n and t ∈ [0, T ],
∂
∂ui
fEV aR1−β (u1, u2, . . . , un) =
−s∗t
∑m
j=1(s
∗
i dj + aijs
∗)φ′j(s
∗dj) + ts
∗
i
∑m
j=1 φj(s
∗dj) + s
∗
i lnβ
s∗2
,
(30)
where we use the notation s∗i =
∂s∗
∂ui
.
Since s∗ is the solution of setting equation (29) equal to zero, we can simplify (30) as follows,
for i = 1, . . . , n,
∂
∂ui
fEV aR1−β (u1, u2, . . . , un) = −t
m∑
j=1
aijφ
′
j(s
∗dj) . (31)
Evaluating equation (31) at the point u = (1, 1, . . . , 1) yields the allocated capital associated
to the ith department at time t ∈ [0, T ]. Namely, for i = 1, . . . , n,
Kit =
∂
∂ui
fEV aR1−β (u1, u2, . . . , un) = −t
m∑
j=1
aijφ
′
j(s
∗
n∑
k=1
akj) . (32)
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Using Theorem 3.4 and integrating Kit in (32) yields the allocated capital satisfying Definition
3.4 with respect to the risk measure CEVaRβ . Thus, the allocated capital to i
th department
over the period [0, T ] with respect to CEVaR1−β is,
Li =
1
T
∫ T
0
Kitdt+ c
iT
2
.
This completes the proof.
4 Examples
In this section, we are interested in examining Theorem 3.5 for some examples in order to
illustrate how this capital allocation can be computed. We present capital allocations for the
examples already discussed in Section 2.1.
As we will see, there are some cases for which we can obtain an explicit expression for the
capital allocation. In others, such an explicit form is not available but a solution can still be
obtained by standard numerical methods. The difficulty lies in solving the equation (29) when
is set to be equal to zero.
4.1 Brownian Motion with Scale Parameter
Consider the general set-up defined through equation (23). Let the principal factorsW 1t , . . . ,W
m
t
to be m independent Brownian motions with different scale parameters σi > 0 and Laplace
transform E(e−sW
i
t ) = e
1
2
σ2i s
2t. We now only need to apply Theorem 3.5. By solving equation
(29) equal to zero we get, for t ∈ [0, T ],
s2t
m∑
j=1
d2jσ
2
j −
1
2
s2t
m∑
j=1
d2jσ
2
j + ln β = 0, (33)
where dj is given in (26). Or equivalently,
s∗ =
(
−2 ln β
t
∑m
j=1 d
2
jσ
2
j
) 1
2
. (34)
Substituting (34) into equation (32) at the point u = (1, 1, . . . , 1) we can compute the value Kit
for i = 1, . . . , n. That is,
Kit = t
1
2
(
−2 ln β∑m
j=1 σ
2
j (
∑n
k=1 akj)
2
) 1
2 m∑
j=1
σ2j aij
n∑
k=1
akj , (35)
for t ∈ [0, T ]. Thus, the allocated capital to the ith department with respect to CEVaR1−β can
be computed to be,
Li =
2
3
T
1
2
(
−2 ln β∑m
j=1 σ
2
j (
∑n
k=1 akj)
2
) 1
2 m∑
j=1
σ2j aij
n∑
k=1
akj + c
iT
2
. (36)
Now as a special case, let the principal factors W 1t , . . . ,W
m
t to be m independent Brownian
motions with common scale parameter σ > 0 and common Laplace transform E(e−sW
i
t ) =
e
1
2
σ2s2t. So, (34) reduces to
15
s∗ =
(
−2 ln β
σ2t
∑m
j=1 d
2
j
) 1
2
, (37)
and the value Kit is then, for t ∈ [0, T ],
Kit = σt
1
2
(
−2 ln β∑m
j=1(
∑n
k=1 akj)
2
) 1
2 m∑
j=1
aij
n∑
k=1
akj . (38)
Thus, the allocated capital, Li, to the ith department satisfying Definition 3.4 with respect to
CEVaR1−β for this special case can be written as,
Li =
2
3
T
1
2σ
(
−2 ln β∑m
j=1(
∑n
k=1 akj)
2
) 1
2 m∑
j=1
aij
n∑
k=1
akj + c
iT
2
. (39)
4.2 Gamma Subordinator
Consider the general set-up defined through equation (23). We let the principal factorsW 1t , . . . ,W
m
t
to bem independent gamma processes with different parameters αi, bi > 0 and Laplace transform
E(e−sW
i
t ) =
(
1 +
s
b i
)−αit
= exp
[
−tαi ln
(
1 +
s
b i
)]
, s ≥ 0 . (40)
We now only need to apply Theorem 3.5. By solving equation (29) equal to zero we get, for
t ∈ [0, T ],
t
m∑
j=1
αj
(
ln(1 +
sdj
bj
)− s
dj
bj + sdj
)
+ ln β = 0 , s > 0 , (41)
where dj is given in (26). This is not as straight-forward as the equivalent equation for the previ-
ous example. Nonetheless, the value s∗ satisfying (41) can be obtained numerically. Evaluating
at the point u = (1, 1, . . . , 1) and substituting into (32) yields the capital allocation value Kit for
i = 1, . . . , n. That is,
Kit = −t
m∑
j=1
aij
(
αj
bj + s∗
∑n
k=1 akj
)
, (42)
for t ∈ [0, T ] and where s∗ is the solution of equation (41). Thus, the allocated capital to the ith
department satisfying Definition 3.4 with respect to CEVaR1−β is given by,
Li = −a
T
2
m∑
j=1
aij
(
αj
bj + s∗
∑n
k=1 akj
)
+ ci
T
2
, (43)
for 1 ≤ i ≤ n.
4.3 α-stable Subordinator
Consider the general set-up defined through equation (23). We let the principal factorsW 1t , . . . ,W
m
t
to be m independent α-stable processes with different parameter αi ∈ (0, 1) and Laplace trans-
form
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E(e−sW
i
t ) = e−s
αi , s ≥ 0 . (44)
We now only need to apply Theorem 3.5. By solving equation (29) equal to zero we get the
following equation, for t ∈ [0, T ] ,
− t
m∑
j=1
αj(sdj)
αj + t
m∑
j=1
(sdj)
αj + ln β = 0 , (45)
where dj is given in (26).
Once again, this is not a straight-forward equation to solve. Nonetheless, the value s∗ satisfy-
ing (45) can be obtained numerically. Evaluating at the point u = (1, 1, . . . , 1) and substituting
into (32) yields the capital allocation value Kit for i = 1, . . . , n and for all t ∈ [0, T ].
As a special case, consider the principal factors letW 1t , . . . ,W
m
t to bem independent α-stable
processes with common parameter α ∈ (0, 1) and common Laplace transform
E(e−sW
i
t ) = e−s
α
, s ≥ 0 . (46)
We now only need to apply Theorem 3.5. By solving equation (29) equal to zero we get, for
t ∈ [0, T ] ,
−sαtα
m∑
j=1
(dj)
α + sαt
m∑
j=1
(dj)
α + lnβ = 0,
In this case, a solution can be readily obtained yielding,
s∗ =
(
− ln β
(1− α)t
∑m
j=1 d
α
j
) 1
α
, (47)
for t ∈ [0, T ]. Substituting (47) into (32) at the point u = (1, 1, . . . , 1) yields the capital allocation
value Kit for i = 1, . . . , n at time t ∈ [0, T ]. That is,
Kit = −t
1
αα
(
− ln β
(1− α)
∑m
j=1(
∑n
k=1 akj)
α
)α−1
α m∑
j=1
aij(
n∑
k=1
akj)
α−1 , (48)
for 1 ≤ i ≤ n. The capital allocation satisfying Definition 3.4 with respect to CEVaR1−β is given
by,
Li =
1
T
∫ T
0
Kitdt+ c
iT
2
,
or more precisely,
Li = −
α2
α+ 1
T
1
α
(
− ln β
(1− α)
∑m
j=1(
∑n
k=1 akj)
α
)α−1
α m∑
j=1
aij(
n∑
k=1
akj)
α−1 + ci
T
2
. (49)
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